Structural stability of linear difference equations in Hilbert space  by Aulbach, B. et al.
Pergamon 
Computers Math. Applic. Vol. 36, No. 10-12, pp. 71-76, 1998 
© 1998 Elsevier Science Ltd. All rights reserved 
Printed in Great Britain 
0898-1221/98 $19.00 + 0.00 
PII: S0898-1221 (98)00201-6 
Structural Stability of Linear 
Difference Equations in 
Hilbert Space 
B. AULBACH 
Department of Mathematics, University of Augsburg 
D-86135 Augsburg, Germany 
N. VAN MINH 
Department of Mathematics, University of Hanoi 
Khoa Toan Dai hoc Tong hop, Hanoi, Vietnam 
P. P .  ZABREIKO 
Department of Mathematics and Mechanics 
Byelorussian State University, Minsk 220080, Byelorussia 
Abstract- - In this note, we prove that linear difference equations in Hilbert space are structurally 
stable if and only if they have an exponential dichotomy. © 1998 Elsevier Science Ltd. All rights 
reserved. 
Keywordsmstructural st bility, Linear difference equations, Exponential dichotomy. 
1. INTRODUCTION 
In the Qualitative Theory of Differential Equations and Difference Equations, the notion of 
Structural Stability plays a vital role. This notion, introduced by Pontrjagin and Andronov 
for differential equations, has been developed for dynamical systems of different ypes, such as 
differentiable dynamical systems, nonautonomons differential equations, difference equations etc. 
In this note, we consider the structural stability problem for linear difference equations, a problem 
which has been investigated before (see [1] and the references therein). In [1], it is proved that in 
the finite dimensional space R n a linear difference quation is structurally stable if and only if it 
has an exponential dichotomy. The main result is proved by referring to the differential equation 
case [2,3]. The proof of the main result in [1], however, is not complete. This is due to the 
fact that in this proof the given difference quation is converted into a differential equation with 
piecewise constant, discontinuous coefficients. The result applied from [2,3], however, requires 
the continuity of those coefficients. 
In this note, we give a direct proof of the main result in [1] for difference quations in Hilbert 
space. Based on the main result in [4], we then show the structural stability of linear difference 
equations having an exponential dichotomy. 
2. PRELIMINARIES 
We consider linear difference quations of the form 
x~÷l = A~x~, (1) 
Typeset by .A~I,q-TEX 
71 
72 B. AULBAOH et al. 
where n is an integer and each An : X --* X is an invertible linear operator on a Hilbert space X. 
Throughout this paper, we assume that 
sup [[Anll < oo and sup IIAfflll < oo. 
neZ 
DEFINITION 1. Equation (1) is said to have an exponential dichotomy ff there exists a projection 
P : X -4 X and positive constants D, a such that 
IIX(n)PX-'(m)ll <_ De-'~(n-"O, 
I IX(n)( / -  P)X-'(m)ll <- De-C'(m-n), 
for  n ~ m,  
for  n _~ m,  
where X(n) is the solution operator of equation (1) satisfying X(O) = I := idx. 
Apart from equation (1), which we keep fixed in the sequel, we deal with further equations of 
the type 
Yn+l = BnYn, (2) 
where for each n E Z, the Bn : 3 ) --* Y is a linear operator on a Hilbert space y.  
DEFINITION 2. Equations (1) and (2) are said to be topologically equivalent ff there exists a 
sequence (hn)nez of homeomorphisms hn : X --~ Y having the properties 
(i) hn+l o An = Bn o hn, for M1 n E Z, 
(ii) limllzll_~oo IIh.(z)ll = limllxll-~ IIhv, X(x)ll = oo uniformly for n E Z. 
From well-known results one can derive the following lemma. 
LEMMA 1. Suppose equation (1) has an exponential dichotomy. Then there exists a sequence 
(Tn)nez of bounded linear operators Tn : X ~ X having the following properties: 
(i) supnez IIT.II < c~, suPnez IIT~Xll < oo, 
(ii) Tn+ I AnT~ 1 commutes for each n E Z with the projection corresponding tothe exponential 
dichotomy of (1). 
REMARK. From Lemma 1 it follows that if equation (1) has an exponential dichotomy with 
projection P, then it is topologically equivalent to the decoupled equation 
Un+l  = PAnun,  
vn+l = (I - P)Anvn, 
un E Im P, 
vn E KerP, 
where -4n := Tn+xAnT(~ a with Tn as in Lemma 1. 
THEOREM 1. (See, e.g., [4].) Assume that equation (1) has an exponential dichotomy. Then 
for ~ sut~ciently small, any perturbed equation of the form 
x.+1 = (A. + C.)z., (3) 
with supnez l[Cn[l <_ 6 a/so has an exponential dichotomy. In addition, denoting by P and P6 the 
projections corresponding to the exponential dichotomies of equations (i) and (3), respectively, 
the mapping 
P : ImP6 --* ImP 
/s a//near homeomorphism. 
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3. STRUCTURAL STABIL ITY 
DEFINITION 3. Equation (1) is said to be structurally stable if there exists a positive 60 such 
that any perturbed equation of the form (3) with supnez [[C,[[ < 60 is topologically equivalent 
to equation (1). 
DEFINITION 4. Equation (1) is said to be kinematically similar to equation (2), if there exists a 
sequence (T.).~z of linear operators Tn : X --* X such that 
(i) sup.ez IIT.]i < o0, sup.ez IlT;lii < ~o, 
(ii) T,+IAnT~ 1= B,, for all n • Z. 
PROPOSITION 1. Suppose quation (1) is structurally stable and kinematically similar to equa- 
tion (2). Then also equation (2) is structurally stable. 
PROOF. Suppose that 6o is a positive constant such that for all 6 < 6o equation (3) with 
supnez [[C,[[ < 6o is topologically equivalent to equation (1). Consider any perturbation 
x.+l  = (B. + D.)xn, (4) 
of equation (2) with supnez lID.ll < 60/(sup. IIT.II • sup.  lIT;Ill). We are going to show that 
equation (4) is topologically equivalent to equation (2) which means equation (2) is structurally 
stable. In fact, setting Cn := T~.IDnT, we have 
sup HC, II < sup IIT,~ll]. sup IITnll. sup [ID,[I < 60. 
. . ?% . 
Then, the equation 
X.+l  = (A .  + C.)  x. ,  (5) 
is topologically equivalent to equation (1). But (5) is kinematically similar to (4), and (1) is 
kinematically similar to (2). Hence, equation (5) is topologically equivalent to equation (2). This 
completes the proof of the proposition. 
REMARK. It follows from Lemma 1 and Proposition 1 that when dealing with the structural 
stability of equations having an exponential dichotomy and satisfying some no,degeneracy on- 
ditions in Lemma 1, we may assume without loss of generality that the underlying equation is 
decoupled, i.e., that the operator-coefficient commutes with the projection P corresponding to
the exponential dichotomy of the equation. 
LEMMA 2. Let equation (1) satisfy all assumptions of Lemma 1 and suppose P = O. Then, 
equation (1) is topologically equivalent to the equation 
=.+1 = e =. .  (6) 
PROOF. First, we define an operator X(t, s), t, s E R by the relation 
A[,]_I .A[t]_2..-A[,], for [t] _> [s] + 1, 
X(t, s) = I, for It] = [s], 
(X(s,t)) -1, for [t] < [s], 
where [t] denotes the integer part of the real number t. Note that X(n,m), n,m • Z is the 
Cauchy operator of equation (1). Next, we set 
V(t, x) := (S(t)x, x),  for all x • X,  (7) 
where 
t 
s(t) := / X*(s,t)X(s,t)ds. 
--00 
(8) 
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Here, X*(s, t) denotes the conjugate operator of X(s, t). Then, V(t, x) has the following proper- 
ties: 
(i) V(t, n) is piecewise continuous with respect o t, 
(ii) if x(n) is a solution of equation (1), then V(t, x([t])) is continuous with respect o t E R, 
(iii) for all t ~ Z, we have 
dv(t, z([t])) : xct, 0)zo = z([t]), (9) 
where x(n) is some solution of equation (1). 
(iv) There exist positive constants a > b such that 
bllzll 2 <_ v ( t , z )  < allxll 2. (10) 
Now put 
f(t, s, z) :---- V(t, X(t, S)Z), 
for all t, s ~ R and x EAf. Then for t ~ Z, we have 
~(t ,  s, z) = IlX(t, s)mll 2. (11) 
Combining (10) and (n )  and the fact that lim,-.-o~ X(t, s)z = 0, we can easily prove that 
f(. ,  s, z) is a homeomorphism from (-oo, +oo) onto (0, +oo). So there e~ts  a function t = t(s, z), 
such that 
f(t(s, z), s, z) = 1. (12) 
Since f is piecewise differentiable with respect o t and continuous with respect o x, we can 
easily prove that t(s, x) depends continuously on z. From the definition of t(s, x), we get 
(S(s)z, x) - 1 = V(s, X(s, s)z) - V(t(s, x), X(t, s)z), 
= V(u, X(u, s)z) du. (13) 
Since the intergrand in (13) exists for each point in the interval it(s, x), s) which is not an integer, 
we can use the above notation. From this we get 
I (S(s)z,z) - 11 
Is - t(s,~)l < ~(~,s,z). 
- infu¢[t(a,x),x] 
u¢z  
For IIz[I >- 1/v~, we have (S(s)z, z) >_ 1. So t(s, z) <_ s. For u E It(s, x), x], we have 
1 ~/ (u ,  s, z) ~ al lXCt ,  s)xll 2. 
On the other hand, the inequalities 
~(u,s ,x )  > > 
_I, 
IIX(t,s)xll 2 a 
hold true for all ~ ¢ Z. Thus, we get 
o _< s - t ( s ,~)  _< a Ca I1~112 - 1 ) .  (14) 
For z satisfying (S(s)z,  z)  < I, say HzH <_ I /v~,  we have 
f t ( , , , )  Of 0 ~ 1 - (S (s )z ,z )  = ~-~u(u,s,z)du, 
J8  
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where for t E N, we put ~,(u ,s ,x)  = O. Thus, we obtain 
f 
t(s,z) 
0 <_ 1 - ( S(s)x, x ) < IIX(~, s)xll 2 du 
' 18  
< Ilxll 2 exp [2g(u - s)] du = ~ exp [2K(t(s, x) - s)], 
,18  
where K := supn IIA.I] + 1. From this it follows that 
_ ] 1 In (1 -V(s ,x ) )+ l  <t(s ,x ) - s ,  
2K 
hence 
2K - 
Now we define the family of homoemorphisms h  by the relation 
X(t (s ,x ) ,s )x  .e~-t(s,x) ' for x # 0, 
h~(x) := I IX(t(s,x),s)z l l  
0, for x = 0. 
(15) 
So hs(x) is continuous with respect o x for x ~ 0. We are going to show that hs(x) is also 
continuous with respect o x at x = 0. In fact 
Ilho(x)ll = exp (s  - t(s, x)), for every s e R, x # O. 
From (14),(15) it follows that there exists an increasing function L : [0, +co) --, [0, +co), contin- 
uous at 0 such that 
IIh.,(x)ll ~ L(llxll). (16) 
On the other hand, it is easily checked that 
h21(x) = X(s ,u)  .[V(u,z)]l/2 , for x ~ 0, 
0, for x = 0, 
where u denotes - In Ilxll. So, for Ilzll _< 1 one has 
Ilxll ~llxll ' ,  IIh:lcx)ll -< [v(~, x)]l/2Dexp CaIn Ilxll) < (17) 
where D, a are the positive constants correponding to the exponential dichotomy of equation (I). 
On  the other hand, for Hxll > 1 we get 
Ilxll _ _  (18) Ilh;"(x)ll <_ [v(u ,x) ] l l  2 exp (Kin Ilxll) -< Ilzilkb 
From (17),(18) it follows that there exists an increasing function L : [0, +co) --, [0, +co), contin- 
uous at 0 such that 
Ilh;-lcx)ll < Z,(llxll). (19) 
Combining (18),(19) we get 
lim IIh,,(x)ll= lim IIh;l(z)ll=co, 
I1=11-"*~ Ilxll-"~ 
uniformly with respect o s E R. 
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From the definit ion of ha, h~" 1, it is easi ly checked that  
h, o x ( t )  = x (s )  o h., (20) 
for all t,s E R, where X(t) denotes X(t,0), t E R. Now it suffices to choose t,s E Z to get the 
assertion of Lemma 2. 
THEOREM 2. Let equation (1) have an exponential dichotomy. Then, equation (1) is structura l ly  
stable. 
PROOF. In fact, from Lernma 2 it follows that equation (1) is topologically equivalent to 
~)n+l 
From Theorem 1 it follows that since (for 
alent to 
Un+l = ettn, 
1 
~)n+l ---~ --~)n, 
e 
it is topologically equivalent to equation (21). 
completes the proof of Theorem 2. 
eun, un E Ker P, 
1 (21) 
-v~,  v .  E Im P. 
e 
6 sufficiently small) equation (3) is topologically equiv- 
un E Ker P6, 
vn E Im P6, (22) 
So equation (1) is structurally stable. This 
REMARK. In this paper, we have considered only the case where n E 7.. There is no difficulty, 
however, to extend all the results to the case where the difference equations under consideration 
are only defined for n E N. 
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